The interaction between a ♦-type four-level atom and a single-mode field in the presence of Kerr medium with intensity-dependent coupling involving multi-photon processes has been studied. Using the generalized (nonlinear) Jaynes-Cummings model, the exact analytical solution of the wave function for the considered system under particular condition, has been obtained when the atom is initially excited to the topmost level and the field is in a coherent state. Some physical properties of the atom-field entangled state such as linear entropy showing the entanglement degree, Mandel parameter, mean photon number and normal squeezing of the resultant state have been calculated. The effects of Kerr medium, detuning and the intensity-dependent coupling on the temporal behavior of the latter mentioned nonclassical properties have been investigated. It is shown that by appropriately choosing the evolved parameters in the interaction process, each of the above nonclassicality features, which are of special interest in quantum optics as well as quantum information processing, can be revealed.
Introduction
In the field of quantum optics, one of the exactly solvable models which describes the interaction between a two-level atom with a single-mode cavity field is the Jaynes-Cummings model (JCM) in the rotating wave approximation (RWA) [1] . This model has been widely studied both theoretically and experimentally by many researchers during recent decades and many interesting physical features have been remarked upon [2] . For instance, one may refer to atomic population inversion [3, 4, 5, 6, 7] , quadrature squeezing [8, 9] , photon anti-bunching will be presented. Accordingly, we particularly choose ♦ configuration for the four-level atom in our considered matter-wave interaction. One of the main consequences of the above interactions is the appearance of the entanglement. Entanglement is a key resource which distinguishes quantum information theory from the classical one. It plays a central role in many potential applications such as quantum information [47] , quantum teleportation [48] , quantum cryptography [49] , quantum computation [47, 48] and dense coding [50] . The degree of entanglement can be evaluated via different measures, such as von Neumann entropy [51] , linear entropy [52] , concurrence [53] and so on. The entropy of the field (atom) is a very useful operational measure of the purity of any atom-field quantum system. The time evolution of the field entropy shows the degree of entanglement (DEM); the higher the entropy, the greater the entanglement. In addition, we will pay attention to the most favorite nonclassical features known sub-Poissonian photon statistics [54] and collapse and revival of atomic population [3] . Other than the above two criteria, in quantum optics, the squeezing phenomena is described by decreasing the quantum fluctuations in one of the field quadratures with the price of an increase in the corresponding conjugate quadrature. The squeezed light has various applications such as in optical communication networks [55] , gravitational wave detection [56] and in optical waveguide tap [57] . Furthermore, the generation of squeezed states has been predicted in a number of nonlinear optical systems [8] . Consequently, in this paper, after obtaining the exact analytical solution of the entire state vector of the system we shall also examine the effects of the Kerr medium, intensity-dependent coupling and detuning on the time evolution of linear entropy, Mandel parameter, mean photon number and normal squeezing. Finally, the results are compared with the well-known results of V -type and Λ-type three-level atoms. This paper is organized as follows. In section 2 the generalized Hamiltonian for the atom-field system is introduced and by solving the corresponding Schrödinger equation, the probability amplitudes at any time for the whole system has been obtained by specifying particular initial conditions of atom and field. The temporal evolution of the linear entropy (DEM), Mandel parameter, mean photon number, normal squeezing and the effects of the Kerr medium, detuning and intensity-dependent coupling on the evolution of mentioned properties for singleand two-photon processes are studied in sections 3. At last, a summary and conclusions are presented in section 4.
The model and its solution
Let us consider a four-level atom with ♦-configuration (has been depicted in Fig. 1 ) with topmost state |1 , ground state |4 and two intermediate states |2 and |3 with the only allowed transitions |1 → |2 , |1 → |3 , |2 → |4 and |3 → |4 . Ignoring level |1 and |4 reduces this configuration to three-level V -and Λ-type, respectively. This four-level atom interacts with a single-mode cavity field via an intensity-dependent coupling regime in an optical cavity field in the multi-photon processes involving a Kerr medium. Based on the JCM formalism, as the full quantum mechanical approach to the problem, our proposed model can be appropriately described by the Hamiltonian:
whereσ ij = |i j| is the atomic raising or lowering operator,â andâ † are respectively the bosonic annihilation and creation operators of the cavity field, χ describes the dispersive part of the third-order nonlinearity of the Kerr medium and λ j , j = 1, 2, 3, 4 are the atom-field coupling constants. Also, the deformed operatorsÂ andÂ † have been defined as:
where f (n) is a function of the number operator (intensity of light), a well-known operatorvalued function in the nonlinear coherent state approach [24, 58, 59] . A deep insight on the Hamiltonian (1) indicates that, it is a natural generalization of atom-field interaction with constant coupling by replacing λ j with λ j f (n). In order to obtain the explicit form of the wave function for our system, we solve the timedependent Schrödinger equation i ∂ ∂t |ψ(t) =Ĥ|ψ(t) . For the assumed system, the wave function at any time t can be written in the following form:
where A(n, t), B(n + k, t), C(n + k, t) and D(n + 2k, t) are the probability amplitudes of finding the atom in states |1 , |2 , |3 and |4 and
We suppose that the field is initially prepared in the coherent state and the atom enters the cavity in the exited state |1 . Thus, the initial wave function is given by:
The equations of motion for the probability amplitudes are obtained by substituting |ψ(t) from (Eq. 3) andĤ from (Eq. 1) in the time-dependent Schrödinger equation. Consequently, one arrives at the following four first-order coupled differential equations:
where we supposed:
and
. Now, by considering the particular condition ω 2 = ω 3 , the levels |2 and |3 are indeed degenerate and so ∆ 1 = ∆ 2 and ∆ 3 = ∆ 4 (see equation (10)). Also, without loss of generality, one may suppose that, λ 1 = λ 2 = λ 3 = λ 4 = λ which readily leads one to f 1 = f 2 = f and g 1 = g 2 = g. Under these conditions, the probability amplitudes B(n + k, t) and C(n + k, t) satisfy similar differential equations which lead us to conclude that B(n + k, t) = C(n + k, t). Consequently, the considered atom-field system has appropriate analytical solution. It ought to be mentioned that, C(n + k, t) = B(n + k, t) has different consequences from the cases B(n + k, t) = 0 (C(n + k, t) = 0) or C(n + k, t) = 0 (B(n + k) = 0), the latter cases reduce the ♦-type four-level to Ξ-type three-level atoms. Therefore, the coupled system of differential equations for the probability amplitudes (Eqs. (6-9)) can be reduced to
Moreover, it is worth to mention that, even though we are handling with only three differential equations in our calculations, however, the fourth one still exists as i dC(n+k,t) dt = V 2 C(n + k, t) + f e i∆ 1 t A(n, t) + ge −i∆ 3 t D(n + 2k, t) and therefore, one can not conclude that the four-level atom has been reduced to three-level system. Our particular condition only leads us to the result B(n + k, t) = C(n + k, t). By assuming D(n + 2k, t) = e iµt , the Eqs. (11), (12) and (13) lead us to the third-order algebraic equation
where
Eq. (14) has generally three different roots which may be found [60] as follows:
By considering D(n + 2k, t) as a linear combination of e iµ j t and after straightforward calculations, we obtain the probability amplitudes in the form
with µ jk = µ j − µ k . The above coefficients for the probability amplitudes satisfy the initial conditions for atom and field (B(n + k, 0) = C(n + k, 0) = D(n + 2k, 0) = 0, A(n, 0) = 1), recalling that the initial state for the atom is the topmost state |1 . Therefore, even though the chosen interacting atom-field system seems to be complicated, we could still find the exact analytical solution of the problem. By setting f (n) = 1 in all above relations in this section, one readily obtains the special case of the considered atom-field interaction with constant coupling containing its final solution.
Physical properties
Now, which we obtained the probability amplitudes (and so the explicit from of the wave function of the entire system), we are able to study the quantum dynamical properties of the atom and field such as linear entropy, Mandel parameter, mean photon number and normal squeezing. It is worth mentioning that choosing different nonlinearity functions f (n) leads to different physical results. Altogether, in the continuation of this paper, we select particularly the intensity-dependent coupling as f (n) = 1/ √ n. This function has been obtained by Man , ko et al [24] (where the corresponding coherent states have been named by Sudarshan as harmonious states [61] ). We particularly choose this function since, in addition, it enables us to compare our further numerical results with V -and Λ-type three-level atoms respectively in Refs. [29] and [28] .
Linear entropy
As is well-known, entanglement [11] is a property that, can be naturally found in the composite quantum systems and perhaps is the most striking feature of quantum optics. The quantum dynamics associated with the presented atom-field quantum system leads to the entanglement between the atom and field. The time evolution of the entropy of the field or atom shows the degree of entanglement (DEM). Among different measures of DEM, in the considered quantum system, we use the linear entropy [62] which is defined as:
The density matrix of the atom-field system is ρ AF (t) = |ψ(t) ψ(t)|, where |ψ(t) is given by Eq. (3). Then, the reduced atomic density matrix can be obtained by tracing over the field as follows 
The matrix elements in Eq. (20) at any time t can be given as
P n A(n, t)A * (n, t),
Consequently, the linear entropy for the considered atom-field system is in the following form:
In figures 2 and 3, we have plotted the linear entropy of the atom versus scaled time for single-photon (k=1) and two-photon (k=2) processes for the chosen parameters, respectively. In these figures (and also figures 4-7 which will be presented in the continuation of the paper), left and right plots concern respectively with the absence (f (n) = 1) and presence (f (n) = 1/ √ n) of the intensity-dependent coupling. Frames (a) corresponds to the absence of both Kerr effect and detuning (χ = 0, ∆ 1 = ∆ 3 = 0), (b) corresponds to the presence of Kerr medium and exact resonant condition (χ = 0.4, ∆ 1 = ∆ 3 = 0), (c) deals with the absence of Kerr medium and the nonresonance case (χ = 0, ∆ 1 = 7, ∆ 3 = 15) and finally (d) takes into account the presence of both Kerr medium and detuning (χ = 0.4, ∆ 1 = 7, ∆ 3 = 15). As is observed from the figures 2, 3, in general, the maximum values of S(t) are decreased in the intensity-dependent coupling regime, when it is compared with the corresponding figures with constant coupling in all of the cases. In other words, the intensity-dependent coupling causes a reduction in the entanglement degree of the atom-field system. Also, as is seen from the right plot of figure 2(a) (as well as 3(a)), whereas the Kerr medium and detuning are disregarded, a regular oscillatory behavior for the time evolution of the linear entropy is revealed in the presence of intensity-dependent coupling (the same result can be seen in figure 2(c) (as well as 3(c)) where the detuning is entered). Comparing the nonlinear regime of the cases k = 1 (k = 2) shows that the presence of both Kerr medium and detuning increases (decreases) the maximum amount of entropy and so the entanglement degree of the bipartite system. If one compares, in the same manner, the linear regime of the cases k = 1 (k = 2) it may be observed that, depending on the presence or absence of the considered parameters, the entropy can be tuned appropriately. Finally, it should be noticed that, according to our further calculations (not shown here), if we use of the concurrence for measurement the entanglement between the atom and field by using the following definition [63]
the obtaining results qualitatively confirm the outcome conclusions from the linear entropy.
Quantum statistics
Among several quantities for the investigation of the nonclassicality of quantum states, we pay attention to the Mandel parameter. This parameter for a single-mode light field has been defined as follows [64] 
If −1 ≤ Q < 0 (Q > 0) the field statistics is sub-Poissonian (super-Poissonian) and Q = 0 shows the Poissonian statistics. Using the wave function for our considered system, it is easily seen that:
where P n = |q n | 2 is the Poissonian photon distribution of the initial coherent field and A(n, t), B(n + k, t) and D(n + 2k, t) have been determined in Eq. 17.
We examine the effects of the Kerr medium, intensity-dependent coupling, detuning and multi-photon processes on the temporal evolution of the Mandel Q parameter in figures 4, 5 for single-and two-photon processes, respectively. In the left plots (f (n) We end this subsection with an overview on the mean photon number distribution in an explicit manner [41, 65] . By using Eq. (25), in figures 6 and 7, we have depicted the time evolution of mean photon number versus the scaled time λt for the chosen parameters similar to figures 2 and 3, respectively. We can see the collapse-revival phenomena as a nonclassical sign in all frames of these figures except the right plots of figures 6(a), 6(c), 7(a) and 7(c) which have a regular behaviour in scaled time. In general, comparing 6(a) and 6(d) indicates that entering the detuning and Kerr effect causes a decrease in the maximum values of mean number of photons (the same situation is observed in 7(a) and 7(d)). In the nonlinear case, when the Kerr medium and detuning are present, the collapse-revival phenomenon is clearly occurred with the single-photon process (see right frames of (b) and (d) in figure 6 ) as well as with the two-photon process (see right frames of (b) and (d) in figure 7 ).
Normal squeezing
To investigate the squeezing properties of the field, we introduce two quadrature field operatorŝ x = (â +â † )/2 andŷ = (â −â † )/2i. Therefore, these operators satisfy the uncertainty relation (∆x) 2 (∆ŷ) 2 ≥ 1/16. Consequently, a state is said to be squeezed in the variablex (ŷ) if (∆x) 2 < 1/4 ((∆ŷ) 2 < 1/4). Equivalently, if we define S x = 4(∆x) 2 − 1 and S y = 4(∆ŷ) 2 − 1 squeezing occurs inx (ŷ) component if −1 < S x < 0 (−1 < S y < 0). These parameters can be rewritten as follows:
where â †â is given by Eq. (25) and the expectation value of arbitrary powers of the field operator can be easily calculated as: Figure 8 shows the temporal behavior of the normal squeezing inx-component (left plots) and inŷ-component (right plots) in the nonlinear case (f (n) = 1/ √ n), without Kerr medium and detuning. Frames (a) and (b) have been plotted for k = 1 and k = 2, respectively. We can see from this figure that, the squeezing exists in thex quadrature and no squeezing is occurred in theŷ quadrature. Also, with comparing the left plots of 8 one observes that, in addition to the fact that, in the single-photon process the system is always quadrature squeezed, the depth of squeezing is smaller than the two-photon process. It should be noticed that, according to our further calculations (not shown here), generally, there is no squeezing in the quadraturesx and y for the linear case f (n) = 1 and also for f (n) = 1/ √ n in the presence of the Kerr medium and/or detuning.
Summary and conclusion
In this paper we studied the interaction between a degenerate ♦-type four-level atom with a single-mode cavity field, where k-photon transition is allowed and the Kerr-medium and intensity-dependent coupling are present. Fortunately, we could solve the dynamical problem and found the explicit form of the wave function of the whole atom-field system analytically, in particular condition where the middle levels of the ♦-type four-level atom are considered to be degenerate. we also supposed that, the atom enters the cavity in the topmost state and the field is initially prepared in a coherent state. We investigated the linear entropy, Mandel Q parameter, mean photon number and normal squeezing as the most favorite nonclassicality features. Even though our formalism can be used for any nonlinearity function, we particularly have chosen the nonlinearity function f (n) = 1/ √ n for our numerical calculations. The obtained results can be summarized as follows:
• The temporal evolution of linear entropy (entanglement), Mandel parameter, mean photon number and normal squeezing are sensitive to Kerr medium and detuning.
• The maximum value of the DEM for the linear regime (f (n) = 1) is greater than the nonlinear regime (f (n) = 1/ √ n). Indeed, entering this nonlinearity function reduces the DEM.
• The Kerr medium in the presence of detuning decreases the maximum value of DEM, unless for the linear case with two-photon process.
• By comparing figures 2(a) and 2(b) with similar figures in [29] and [28] , it is clear that, the DEM between atom and field for the ♦-type four-level atom is greater than DEM for the V -type and it is smaller than that for the Λ-type three-level atoms.
• The intensity-dependent coupling changes the quantum statistical behaviour of the atomfield state to a full sub-Poissonian statistics for the single-photon process (unless in the presence of both Kerr medium and detuning), although its depth of negativity has been reduced. Also, typical collapse-revival, as a nonclassical behaviour is seen.
• The time evolution of the mean photon number shows the collapse-revival phenomenon as a nonclassicality sign of the considered system unless for the nonlinearity case without Kerr effect and detuning (figures 6(a) and 7(a)), and also with detuning (figures 6(c) and 7(c)).
• There is no normal squeezing in the linear case and also nonlinear case in the presence of Kerr medium, detuning and both of them. Moreover, for the nonlinear case in the absence of Kerr effect and detuning it can be observed, too. The depth of the squeezing in the quadraturex is greater for two-photon process as compared with the single-photon process.
Finally, it ought to be mentioned that, our presented formalism has the potential ability to be applied for all well-known nonlinearity functions such as the center of mass motion of trapped ion [66] , photon-added coherent states [67, 68] , deformed photon-added coherent states [69] , q-deformed coherent states [70, 71, 72, 73] etc as well as different initial atom and radiation field states. But, clearly our presented results are limited to the chosen f (n) for the intensity dependent regime. Obviously, selecting other nonlinearity functions may lead to new and perhaps more interesting conclusions which can be done else where. We have not discussed the effect of the initial field photon number in detail for all cases, but it is obvious that the results may be affected directly by this parameter, as well as all discussed parameters. Altogether, this is also a tunable parameter for achieving the discussed physical features.
